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On the partial differential equations of mathematical physics.
By

E. T. Winrtaker in Cambridge.

§1.
Introduction.

The object of this paper is the solution of Laplace’s potential equation
v oV oV
0x? " 0y? i 0z2

and of the general differential equation of wave-motions

v otV oV,

— 0,

ox2 "oy Ta2 TN e
and of other equations derived from these.

In § 2, the general solution of the potential equation is found.

In § 3, a number of results are deduced from this, chiefy relating to particular solu-
tions of the equation, and expansions of the general solution in terms of them.

In § 4, the general solution of the differential equation of wave-motions is given.

In § 5, a number of deductions from this general solution is given, including a theo-
rem to the effect that any solution of this equation can be compounded from simple
uniform plane waves, and an undulatory explanation of the propagation of gravitation.

§1.
The general solution of the potential equation.

We shall frst consider the equation

§V+§V+§V_O
ox2 oy 8z2 7

which was originally given by Laplace*).

*) Mémoire sur la theorie de ['anneau de Saturne, 1787.
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This equation is satisfed by the potential of any distribution of matter which at-
tracts according to the Newtonian Law. We shall frst obtain a general form for poten-
tial-functions, and then shall shew that this form constitutes the general solution of
Laplace’s equation. >From the identity

2r
1 1 du

S AR G BR (g eR2r (2 0)+i(x—a)eosuti(y—b)sin

we see that the potential at any point (x, y, z) of a particle of mass m, situated at the
point (a, b, ¢), is

2r
m du

27 (z+ixcosu+iysinu)—(c+iacosu+ibsinu )
0

which, considered as a function of x, y, z, 1s an expression of the type

27

f(z +ix cosu+ iy sinu, u)du,
0

where f'denotes some function of the two arguments

z+ixcosu+iysinu and u.

It follows that the potential of any number of particles m m, ..., m, situated at the
points (a1 b;¢cy), (arbrcs), (azbzcs), - -+, a,bycy), is an expression of the type
2r

{ filz+ixcosu+iysinu, u)+ f>(z + ix cosu + iy sinu, u)

0
+ fi(z+ixcosu+iysinu, u) }du

or
2
f(z +ixcosu+iysinu,u)du,
0

where f'is a new function of the two arguments
z+ixcosu+iysinu and u.

In this way we see that the potential of any distribution of matter which attracts ac-
cording to the Newtonian Law can be represented by an expression of the type

2r

f(z +ix cosu+iysinu, u)du.
0
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The question now naturally suggests itself, whether the most general solution of
Laplace’s equation can be represented by an expression of this type. We shall shew
that the answer to this is in the affrmative.

For let V(x, y, z) be any solution (single-valued or many-valued) of the equation

§V+§V+§V_O
ox2 oy 8z2 7

Let (x¢, yo, o) be some point at which some branch of the function V(x, y, z) is regu-
lar. Then if we write

XZX()+X, y:y()+Y, Z:Z()+Z

it follows that for all points situated within a fnite domain surrounding the point
(x0. Yo. z9). this branch of the function V' (x, y, z) can be expanded in an absolutely and
uniformly convergent series of the form

V=ay+a X+bY+c1Z+a, X2 +byY> +¢c, 27 +d, Y7
ey ZX + HXY + a3 X2+ -
Substituting this expansion in Laplace’s equation, which can be written

#V+§V+§V_O
ox2 oy: oz2
and equating to zero the coeffcients of the various powers of X, Y, and Z, we may ob-
tain an infnite number of linear relations, namely

a, + bz +CH = O, etc.
between the constants in the expansion.

1 1
There are > n(n — 1) of these relations between the > (n+ 1)(n+ 2) coeffcients of

the terms of any degree »n in the expansion of V; so that only
1
3 (n+ 1)(n+2)- 5 n(n— br 2n+ 1) of the coeffcients of terms of degree n in

the expansion of V are really independent. It follows that the terms of degree »n in V'
must be a linear combination of (2z + 1) linearly independent particular solutions of
Laplace’s equation, which are of degree nin X, Y, Z.

To fnd these solutions, consider the expansion of the quantity

(Z +iX cosu+iY sinu)”
as a sum of sines and cosines of multiples of #, in the form

(Z+iXcosu+iYsinu)' =gy X.Y.Z)+g(X,Y,Z)cosu
+g,( X, Y, Z)cos2u+---+g,(X,Y, Z)cos nu
+h(X,Y,Z)sinu+hy(X, Y, Z)sin2u+---
+h,(X,Y, Z)sin nu.
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Now g, (X.Y,Z)and h,(X,Y, Z) are together characterised by the fact that the high-
est power of Z contained in them is Z"™; moreover g, (X, Y, Z) is an even function
of ¥, whereas /,,(X, Y, Z) is an odd function of ¥; and hence the (27 + 1) quantities

g X. Y. 2), eo( X, Y. Z),....h (X, Y, Z)

are linearly independent of each other; and they are clearly homogeneous polynomials
of degree n in X, Y, Z; and each of them satisfes Laplace’s equation, since the quanti-
ty (Z +iXcosu+ iV sinu)” does so. They may therefore be taken as the (2n+ 1) lin-
early independent solutions of degree n of Laplace’s equation.

Now since by Fourier’s Theorem we have the relations

2x
gn(X. Y. Z)= ! (Z +iX cosu+iY sinu)” cos mu du,
T
27
h,(X.Y.Z)= ! (Z + X cosu + iY sinu)" sin mu du,
"o
it follows that each of these (2# + 1) solutions can be expressed in the form

27

f(Z +iXcosu+iYsinu,u)du
0

and therefore any linear combination of these (2n + 1) solutions can be expressed in
this form. That is, the terms of any degree » in the expansion of ' can be expressed in
this form; and therefore V itself can be expressed in the form

2r

F(Z +iXcosu+iYsinu,u)du
0
or
2r
F(z+ixcosu+iysinu—zy—ix,cosu— iyysinu, u)du,
0
or
2r
f(z +ix cosu+iysinu, u)du,
0

since the z + ix( cos u + iy sin u can be absorbed into the second argument .
Now ¥ was taken to be any solution of Laplace’s equation, with no restriction be-
yond the assumption that some branch of it was at some
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point a regular function — an assumption which is always tacitly made in the solution
of differential equations; and thus we have the result, that the general solution of
Laplace’s equation

v v Fv

o "o Tar Y

is
2
V= f(z+ixcosu+ iysinu,u)du,
0

where f'is an arbitrary function of the two arguments
z+ixcosu+iysinu and u.

Moreover, it is clear from the proof that no generality is lost by supposing that f'is a
periodic function of u.
This Theorem is the three-dimensional analogue of the theorem that the general so-

lution of the equation

o'V oV 0

Ox? i oy
is

V=/fx+iy)+elx—1y).

§1.

Deductions from the Theorem of § 2; Particular Solutions;
Expansions of the General Solution.

1°. Interpretation of the solution. We may give to the general solution just ob-
tained a concrete interpretation, as follows.

Since a defnite integral can be regarded as the limit of a sum, we can regard J" as
the sum of an infnite number of terms, each of the type

V.= f(z+ixcosu, +iysinu,)

each term corresponding to some value of u,.
But this term is a solution of the equation

v, oV, 0
oxz " ozz
where
X, = xcosu,+ysinu,
Y, =—xsinu, +ycosu,
Z, =z,

so that (X, Y, Z,, represent coordinates derived from (x, y,z) by a rotation of the
axes through and angle #, round the axis of z.
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Thus we see that the general solution of Laplace’s equation can be regarded as the
sum of an infnite number of elementary constituents V,, each constituent being the
solution of an equation

oV, &V,

0
oxz " ozz

and the axes (X, Y, Z,) being derived from the axes (x,y,z) by a simple rotation
round the axis of z.

2°. The particular solutions in terms of Legendre functions. It is interesting to see
how the well-known particular solutions of Laplace’s equation in terms of Legendre
functions can be obtained as a case of the solution given in § 2.

The particular solutions in question are of the form

r" P} (cos O)cosmg and r"P)'(cos 0)sin m¢
(I/l:(), 1:2: Y CX):m:Oa 1:23 “'7n):

where (r, 6, ¢) are the polar coordinates corresponding to the rectangular coordinates
(x, y, z), and where
(_l)m sin™ 0 dn—o—)n(Sl-nZnH)

2"n! d(cos 6)r+m

P (cos 0) =

Now the function P;'(cos ) can be expressed by the integral

2r

(n+m)(n+m-1)---(n+1)

Pl (cos 0) = (=1)"? (cos 0 +isin @ cos y)" cos my dy,

T
0

and thus we have

27
7 P2(eos 0)cos mg = NI ZD D (e g (4002) cos )
V4
0
cos my cos medy
27
(e m)(n+ n;— ---(n+1) —1)"? (z+7 &3 ¥ 32 cos w)" cos m(y — ¢)dy
T
0
2r

_(ntm)ntm-1)---(n+1)

5 (=12 (z + ix cos u + iy sin u)" cos mu du.
T

0
We see therefore that the solution r" P} (cos 0) cos m¢ is a numerical multiple of

27

(z + ix cos u + iy sin u)" cos mu du.
0
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Similarly the solution 7" P}/(cos 0)sin m¢ is a numerical multiple of

21

(z + ix cos u + iy sinu)" sin mu du.
0
>From this it is clear that in order to express any solution

27

f(z+ixcosu+iysinu,u)du
0

of Laplace’s equation, as a series of harmonic terms of the form
r"P%(cos 0)cos m¢ and r" P (cos 0)sin mg,

it is only necessary to expand the function f as a Taylor series with respect to the frst
argument z +ix cos u+iysinu, and as a Fourier series with respect to the second ar-
gument u.

As an example of this procedure, we shall suppose it required to fnd the potential
of a prolate spheroid in the form

2r
f(z + ix cosu + iy sinu, u) du,
0

and to expand this potential as a series of harmonics. Let

x2+y2 2 .
> T 2T

a c

be the equation of the surface of the spheroid; and suppose that it is a homogeneous
attracting body of mass M. To fnd its potential, we can make use of the theorem that
the potential at external points is the same as that of a rod joining the foci, of line-den-

o 3M(P-d -2, .

SIY = that is, it is

2r c*-a?
3IM (c®—a* - ¢2)de
du - —
8(c? — a?)3? z—¢+ixcosu+iysin u

0 — g2

or

27
3IM B+l d? 4?2

T g d - BYlog T T 4R dd,
&7z(c — a) . B-1 =4 2

where B is written for z + ix cos u + iy sin u.

1
Expanding the integrand in ascending powers of 7 Ve have the potential in the
form

2
3M 1 c-a*  (F-d*)? .

+ + — +-du.
271 3 B 35 B3 57 B5







On the differential equations of physics. 341

Since

27
1 du  P,(cos)
Z Bt 1 },.n+l
0

this gives the required expansion of the potential of the spheroid in Legendre func-
tions, namely the series

3M1 N (c? — a®)Py(cos0) . (c® — a2)2P4(_cos0) L
13 r 35,3 577r?73

This result may be extended to the case of the potential of an ellipsoid with three un-
equal axes, by using a formula for the potential of an ellipsoid given by Laguerre™*)

3°. The particular solutions of Laplace’s equation which involve Bessel functions.
We shall next shew how the well-known particular solutions of Laplace’s equation in
terms of Bessel functions can be obtained as a case of the general solution. The par-
ticular solutions in question are of the form

e“J (kp)cosmg and e“J, (kp)sin mg,
where k£ and m are constants, and z, p, ¢ are the cylindrical co-ordinates correspond-
ing to the rectangular co-ordinates x, y, z, so that
X =pcos¢g, y= psing.
Now if in the solution
e“J (kp)cos mg
we replace J,(k p) by its value
I (kp)= % cos(mb — kpsinf)do,
0

we fnd after a few simple transformations that

2r

_ )m/2

ekz.]m(kp) cos m¢ = ———
2r

ek(z+1x COS u+iy sin u) cos mu du.

0

The other solutions which involve sin m¢, can be similarly expressed: we see there-
fore that the solutions

e“J (kp)cosmg and e“J (kp)sinmé,

*) C. R., 1878.
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are numerical multiples of
2r

ek(z+1x COS u+4y sinu) cos mu du.

0
and

2r

ek(z+zx COS u+iy sin u) sin mu du.

0
respectively. It follows from this that in order to express any solution

2r

f(z+ix cosu+iysinu, u)du
0

of Laplace’s equation as a sum of terms of the form
e“J (kp)cosmg and e“J (kp)sinmé,

it is only necessary to expand the function f in terms of the exponentials of its frst ar-
gument z +ix cos u+iysinu, and as a Fourier series with respect to its second argu-
ment u.

As an example of the use which may be made of these results, we shall suppose it
required to express the potential-function

V=1+e7Jy(p)+e ZJy(2p)+e > JyBp)+---

(where z is supposed positive) as a series of harmonic terms of the type involving Leg-
endre functions: and also to fnd a distribution of attracting matter of which this in the
potential. This can be done in the following way. We have

V=1+e Jy(p)+e *Jy2p)+e > Js(3p)+---
2r

_ > {1 4 eTETixcosu=iysinu |, 2(z+ix cosu+zysmu)+. .. } du
v

0

2r
B 1 du
o Z | — e—(z+ix cosu+iysinu )~
0
But if ¢ be any variable different from zero, and such that "t " <" 2 pi, we have

1 1 1 t r £
=——+_—-B +By ~—By +---,
1 —e¢ r 2 2! 41 6!
where B, B, are Bernoulli’s numbers. Therefore, so long as z is positive and " z "+~

' "<” 2 pi i.e, so long as z is positive and x? + y* + 2% <471° we

ix "cos’u "+" 1y “sin"u’
have
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2r

1 1 1 B
=5 . - +—+—l(z+ixcosu+iysinu)+~du
27z +ix cOS u + iy Sin u 2 2!
0

vV

or

I 1

V = —+——ﬂrPl(cosﬁ)—&ﬂPz(cosH)Jr%r5P5(cost9)+---
ro 2 21 4! 6!

and this is the required expansion of V as a series of harmonics involving Legendre
functions.

Next, since

[©0]

1 I 1 1 1

+
l-ez 2 z “=z+2nin z-2niz’

we have

27
o0

1 -1 1 1
2n _2 z+ixcosu+iysinu SZ+ixcosu+iysinu+2ni  w

4]
] )

+ . - g
z+zxcosu+zysmu—2mﬁ

or
0

1 1 1 1
=4+ + + ;
212+ 42 EL R 4 (2 2nin) 2| XA H)R + (2= 2nf)

and therefore V' can be regarded as the potential due to a set of attracting masses
placed at equal imaginary intervals 2irx along the axis of z.

§ 1.
o’V oV o o’V
The differential equation + + z :
1 ox2 oy | oz or
We shall next consider the general differential equation of wave-motions,
v v v o
+ + =k*—-,
ox2  9y?  0z2 ot?

V

where £ i1s a constant.
Writing k¢ for ¢, this becomes

§V+§V+§V_§V
ax2  8y?  6z2 o2’
which we shall take for the present as the standard form of the equation.

In order to fnd the general solution of this equation, we follow a procedure analo-

gous to that of § 2. Let V(x, y, z, ) be any solution (single-valued or many-valued) of
the equation; and let (x, yg. 2, tg) be a
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place at which some branch of the function V is regular. Then if we write
x=xg+X,y=yo+VY.z=zp+Z,t =ty + T, it will be possible to expand this
branch of the function V" as a power-series of the form

V=ay+a, X+bY+c1Z+d\T+ar X*+b, V> +¢, 2% +d> T+ e, XY
+ XL+ @ XT + o VZ + ko YT + L ZT + a3 X2 + - -,

which will be absolutely and uniformly convergent for a certain fnite domain of val-
ues of X, Y, Z, T. Substituting this expansion in the differential equation, which may
be written

§V+§V+§V_§V

oX2  oY? 0z% oT%’
and equating to zero the coeflcients of various powers of X, Y and Z, we obtain an
infnite number of linear relations, namely

a, + bz +CH = d2, cte.,
. ) |
between the constants in the expansion. There are 3 (n—1)n(n+1) of these rela-

1
tions between the 6 (n+1)(n+2)(n+3) coeffcients of terms of any degree » in the

expansion of V; so that only
1
3 {n+1)(n+2)y(n+3)—(n—1)n(n+1)}

or
(n+ 1)

of the coeffcients of terms of degree n in the expansion of V are really independent.
It follows that the terms of degree » in ¥ must be a linear combination of (n + 1) lin-
early independent particular solutions of degree nin X, Y, Z, T.

To fnd these solutions, consider the expansion of the quantity

(Xsinucosv+Ysinusinv+ Zcosu+T)".
If we frst take the expansion in the form

go+ g1 Ccosv+gycos2v+---+ g, Cosny,
+hysinv+h,sin2v+- -+ h, sin nv,

we have seen in § 2 that gy, gy,---,g,. 1, -+, h,, are linearly independent functions
of X,Y,Z,and T. Moreover, g,, and h,, are of the form sin” u  a polynomial of de-
gree (n— m) in cosu, and therefore each of them contains (n — m + 1) independent
polynomials in X,Y,Z,T. Thus the total number of independent polynomials in
X.Y,Z, T, in the expansion of

(Xsinucosv+Ysinusinv+ Zcosu+T)"
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in sines and cosines of multiples of # and v, is

(n+DH)+2n+2(n-1)+2(n-2)+---+2
or
(n+ 1)

Now each of these polynomials must satisfy the equation
§V+§V+§V_§V
ox2  0y?  0z2 o2’

since the quantity
(Xsinucosv+Ysinusinv+ Zcosu+T)"

does so: and therefore they may be taken as the (# + 1)? linearly independent solutions
of the equation

§V+§V+§V_§V

x> 8y?  6z2 o’

which are homogeneous of degree n in X,Y,Z,T. Now by Fourier’s theorem we

have
2

g,=— (Xsinucosv+Ysinusinv+ Zcosu+T)" cosmvdv;
T
0

and since g, is of the form
n—m

2 u, sin” u cos” u,
r=0

where u, is one of the polynomials in question, it is clear that g,, can be expressed as
a sum of sines or cosines of multiples of u, according as m is even or odd; and the co-
effcient of one of these sines or cosines, say of cos su, is

/e

2
— g, €08 su du.

0

It follows that each of the polynomials u, can be expressed in the form

gn J (Wdu,
0
where f(u) denotes some periodic function of u; that is, it can be expressed in the
form
2rr

(Xsinucosv+Ysinusinv+Zcosu+T1)" f(u)cos mvdudv.
00
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It follows from this that each of the (n + 1)* polynomial solution of degree 1 can be
expressed in the form

27
(Xsinucosv+Ysinusinv+ Zcosu+T)" f(u,v)dudv,
00

where f(u,v) denotes some periodic function of u and v; and therefore the terms of
degree n in V can be expressed in this form.
The function V itself can therefore be expressed in the form

2nm

f(Xsinucosv+Ysinusinv+ Zcosu+71,u,v)dudv,
00

where f'denotes some function of the three arguments
Xsinucosv+Ysinusinv+ Zcosu+ 7T, u, and v;

and f may without loss of generality be supposed to be periodic in % and v.
Now

Xsinucosv+Ysinusinv+Zcosu+T
=(xsinucosv+ysinusinv+zcosu+t)

— (xgsinucosv+ygsinusinv+zycosu+ty);
and the termo
(XgsSinuCcos v+ yySinusin v+ zy cos u+ 1)

can be absorbed into the arguments # and v; moreover V' was taken to be any solution
. . . . ..t
of the partial differential equation; we have, therefore, on writing A for ¢, the result

that the general solution of the partial differential equation of wave-motions,

o e N N

+ + =k —-.
ox2  0y?  0z2 or?
is
2xr
: : : !
V= f(xsinucosv+ysinusinv+zcosu+ %,u,v)dudv,
00

where fis an arbitrary function of the three arguments

. . . t
xsmucosv+ysmusmv+zcosu+%, uandv.
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§1.

Deductions from the general solution of § 4.

1°. The analysis of wave-motions. We shall now deduce from the general solution
thus obtained a result relating the analysis of those phenomena which are represented
by solutions of the equation
v v v o
+ + =k —.
ox2  0y?  0z2 or?
If we revert to the fundamental idea of the defnite integral as the limit of a sum of an
infnite number of terms, we see that the general solution

2

V= f(xsinucosv+ysinusinv+zcosu+ ! %,u, V) du dv,
00
can be interpreted as meaning that 7 is the sum of an infnite number of terms of the
type
f(xsinucosv+ysinusinv+zcosu+ % LU V),

there being one of these terms corresponding to every direction in space given by the
direction-cosines

sinucosv, sinusinv, cosu.

The solution V can therefore be regarded as the sum of constituent solutions, each of
the type

: : . !
F(xsinucosv+ysinusinv+zcosu+ %)

where the function F varies from one direction (u, v) to another.
Now let us fx our attention on one of these constituent solutions F. If for some
range of values of the quantity
. . ) 4
xsmucosv+ysmusmv+zcosu+%,

the function F is fnite and continuous, we can for this range of values express F by
Fourier’s integral formula in the form

o0 b

. . . 4
— di F(a)cos{ A(xsinucosv+ysinusinv+zcosu+ %)—}ta} dlda,
v
0 a
where a and b are the terminals of this range of values; or supposing the integration
with respect to « to be performed,

[ee]

o5 : L t
g(A)sin {A(xsinucosv+ysinusinv+zcosu+ %)} da,

0

where g(1) denotes some function of 4.
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Now let us again revert to the idea of the defnite integral as the limit of a sum.
Then this latter integral can be regarded as the sum of an infnite number of terms of
the type

cos ¢

. . . t
sin LA (xsinucosv+ysinusinv+zcosu+ E)l’

each term being multiplied by some factor depending on A.

The solution ¥ can therefore be regarded as constituted by the superpostion of
terms of this last type. But a term of this type represents a simple uniform plane
wave; for on transforming the axes so that the new axis of x is the line whose direc-
tion-cosines are

sinucosv, sinusinv, cosu,

the term becomes

. 4
A D).
which represents a simple plane wave whose direction of propagation is the new axis
of x. We sece therfore that the general fnite solution of the differential equation of
wave-motions,
o*v oV oV,
+ =k

+
ox2  oy?  0z2 or?

can be analysed into simple plane waves, represented by terms of the type

. . . !
F(A,u,v)in{ A(xsinucos v+ ysinusinv+zcos u+ Z)}'
It is interesting to observe that Dr. Johnstone Stoney in 1897*) shewed by physical

reasoning, and without any reference to the equation

§V+§V+§V_H§V

ox2 oy 0z2 - ot
that all the disturbance of the luminiferous ether arising from sources of certain kinds
can be resolved into trains of plane waves.

2°. Solution of the equation
o A o 4

If'a solution ¥ of the equation

oW PwW W W
+ + =
ox2  0y?  0z? or?

be of the form Ve, where V is a function of x, v, z only, which does not involve ¢,
then V clearly satisfes the equation

oy oV &V

*) Philosoph. Magazine, (V) XLIII.
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